A pseudo-spectral method for a solution of the equations of dynamic elasticity in cylindrical coordinates is based on the Chebychev expansion in the radial direction and the Fourier expansion in the angular direction and is suitable for simulating wave propagation in the vicinity of cylindrical objects. The numerical grid consists of a series of concentric rings, each one with a separate Chebychev-Fourier mesh. One numerical grid is defined for the cylindrical cavity and another grid for the medium around the cavity. Combining these two numerical grids allows reduction of the number of grid points in the angular direction in the interior grid and thus increases the time step. This makes the use of polar coordinates much more economic.
INTRODUCTION
The problem addressed in this work is two-dimensional elastic wave propagation in the vicinity of cylindrical objects. The motivation for such a study is to simulate phenomena associated with boreholes. A two dimensional study, in which the cylindrical geometry is tackled, is a first step towards constructing a full 3-D simulator for borehole measurement techniques such as vertical seismic profiling.
The algorithm described here is based on a direct solution in polar coordinates of the equations of momentum conservation and the stress strain relations for an isotropic solid. Solving in polar coordinates appears necessary because of the cylindrical geometry, since representing the cylindrical cavity using Cartesian coordinates would require a prohibitively fine spatial grid.
The numerical algorithm presented is based on a Chebychev expansion of the solution in the radial direction and a Fourier expansion for the angular direction (Figure 1) .
Integration of the equations in time is performed by a fourth order Runge-Kutta technique.
The numerical algorithm allows for complete material variability including fluids and solids in juxtaposition.
The same type of expansion has been used previously by Kessler and Kosloff (1990) for acoustic waves. The radial Chebychev expansion allows incorporation of boundary conditions which in the present case are an absorbing boundary condition at the outer radius of the grid (1. = h), and a free-surface boundary condition on the cavity (r = N). In certain applications, a rigid boundary condition as well has been used for the cylindrical object.
For the enforcement of the boundary conditions, we used a stabilization procedure based on characteristic variables as described by Gottlieb et al. (1982) , and Baylis et al. (1986) . Unlike previous work with the Chebychev method , the solution used for the one-dimensional diagonalized system of equations is only approximate, and we have found that the stabilization procedure works only when the ratio between the interior radius of the grid and the exterior radius is not too great. We thus adopted a multidomain approach in which the numerical grid consists of a series of concentric rings, each one with a separate Chebychev mesh (Tessmer et al., 1992) . The continuity of the solution between the rings is enforced by using characteristic variables. Unlike with cylindrical grids in general, this approach allows a relatively uniform spatial sampling when needed or to change grid spacing in different regions.
The next section contains the equations of dynamic elasticity and the solution technique. The following one describes characteristic variables for the enforcement of boundary conditions and the multidomain approach. Finally, numerical examples test the algorithm against problems with known analytical solutions and demonstrate physical effects associated with the presence of the cylindrical cavity.
EQUATIONS OF MOTION AND SOLUTION SCHEME
The numerical algorithm is based on a solution of the equations of conservation of momentum combined with the The system (3) contains four parts which are: operation in the radial direction, operation in the angular direction, source terms, and added terms. Stabilization is based on one-dimensional considerations in the radial direction. The third term of equation (3) includes divisions by r. When r = h is very large compared to r = a the system becomes unstable. This instability exists when b/a > 80. In order to keep the algorithm stable we adopted a multigrid approach. We construct a numerical grid such that the numerical algorithm is stable. and then add another grid at its edge, at r = h (Figure 3) . In each grid we keep the ratio between the distance of the last and the first grid points smaller than 80, and thus the algorithm is stable in each part of the grid. 
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Combining numerical grids enables us to use our numerical method for any grid configuration. We can make a to be so small that it would be "unseen" by the wave fronts [see example in Kessler and Kosloff ( 1990) velocity field at times 0.06, 0.08, 0.12, 0.16, 0.2, and 0.24 
COST CONSIDERATIONS
About two times more grid points are needed in the angular direction than in the radial direction in order to have approximately square grid cells in the middle area of the grid with cylindrical coordinates. Also, at the origin of the grid, the angular grid spacing is about 10 times smaller than the radial direction grid spacing (using a Chebychev expansion in the radial direction). The very small grid spacing in the angular direction results in a very small time step. For a typical configuration, the time step might be 100 times smaller than this in a Cartesian configuration. A great improvement is achieved by using the multigrid approach. We can use very few grid points in the interior grid that covers a small space, and since the smallest grid size is located there we can increase the time step by a factor of three to ten, compared to the same correspondingly single grid configuration. The time step can also be increased by using a coordinate transformation ). The Chebychev points x(i) = cos (in/N), i = 0, . . . , N are very dense at the boundaries. Using a coordinate stretching, we can define a different set of sampling points that is wider at the edges of the grid (Kosloff and Tal-Ezer, 1992). Using the above coordinate stretching WC can improve the cost of the numerical algorithm by a factor of two to ten.
Using Chebychev sampling points requires use of smaller time steps than used with Cartesian coordinate system. If we wish to locate a small cylindrical cavity in the origin of the grid, we will use a time step increment that is about 10 times smaller than used with Cartesian coordinate system. For problems that include a bigger cylindrical body, the time step can be enlarged to be of the same order as that used in Cartesian coordinate system.
CONCLUSIONS
We have presented a new spectral algorithm for elastic wave propagation in 2-D cylindrical coordinates. The method is based on a multigrid approach where each subdomain can have a different number of grid points. Having more than one grid enables reduction of the number of grid points in the interior grid and thus to significantly increase the time step. In each subgrid we use the Chebychev expansion in the radial direction. The Chebychev points are very dense at the boundaries which facilitates application of the boundary conditions as well as the combination of the different grids. By using a coordinate transformation, the distance between the spatial points can be enlarged and thus the time step can be bigger. For the geophysical situation, a cylindrical borehole that is filled with liquid can be constructed by using two grids, the interior filled with liquid and the exterior solid. The next extension towards a realistic simulation of a VSP survey will be a 3-D implementation of the method for solution of wave propagation in the vicinity of a cylindrical cavity. With the knowledge with this 2-D method, a full 3-D configuration is feasible. 
